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Superelliptic curves with minimal weighted moduli height
Jaime Gutierrez and Tony Shaska
Abstract. Let k be a number field and Ok its ring of integers. For a su-
perelliptic curve X , defined over Ok, let p denote the corresponding moduli
points in the weighted moduli space. Given an integral Weierstrass normal
form zmyd−m = f(x, y) for X , we give an algorithm which determines a min-
imal model over Ok such that the corresponding weighted moduli point has
minimal height, as defined in [1]. Moreover, we determine all the minimal
integral twists of the given curve.
To Gerhard Frey on the occasion of his 75th birthday
1. Introduction
Let k be an algebraic number field and Ok its ring of integers. The isomorphism
class of a smooth, irreducible algebraic curve X defined overOk its determined by its
set of invariants which are homogenous polynomials in terms of the coefficients of X .
When X is a superelliptic curve as defined in [8], then these invariants are generators
of the invariant ring of binary forms of fixed degree. In this paper we want to provide
an algorithms for two tasks. First, to determine a Weierstrass equation of a curve
X ′, defined over Ok and k-isomorphic to X with smallest invariants. Second, to
determine the equation of a curve X ”, defined over Ok and k¯-isomorphic to X with
smallest invariants, in other words the twist of X with smallest invariants.
To get an idea of our approach one can look at some classical problem for the
discriminant of hyperelliptic curves. If X is a hyperelliptic curve over k, then the
discriminant of X is a polynomial given in terms of the coefficients of the curve.
Hence, it is an ideal in the ring of integers Ok. The valuation of this ideal is a
positive integer. A classical question is to find an equation of the curve such that
this valuation is minimal, in other words the discriminant is minimal.
The simplest example is for X being an elliptic curve. There is an extensive
theory of the minimal discriminant idealDC/K . Tate [12] devised an algorithm how
to determine the Weierstrass equation of an elliptic curve with minimal discrimi-
nant as part of his larger project of determining Neron models for elliptic curves.
An implementation of this approach for elliptic curves was done by Laska in [4].
Tate’s approach was extended to genus 2 curves by Liu [5] for genus 2, and to all
hyperelliptic curves by Lockhart [7] and [6].
Key words and phrases. Superelliptic curve and Minimal invariants and weighted height.
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However, the discriminant alone does not determine the isomorphism class of
the curve (i.e. the point in the moduli space). For higher genus curves a point
in the moduli space of curves is a set of invariants which is determined via geo-
metric invariant theory. Our main goal is to determine a Weierstrass equation of a
given superelliptic curve X , defined over Ok, such that the corresponding SL2(Ok)-
invariants are minimal. In other words, for a given superelliptic curves X defined
over Ok we consider its isomorphic class as a point in the corresponding weighted
moduli space p ∈ WPn(Ok). We want to determine a Weierstrass equation of X
such that p has minimal weighted moduli height as defined in [1].
Let X be a superelliptic curve as defined in [8] with an affine Weierstrass
equation zm = f(x, 1), where deg f = d ≥ 5. Its isomorphism class correspond to
the equivalence class of the binary form (f(x, y). Thus, the isomorphism classes of
superelliptic curves are determined by the set of generators of the ring of invariants
of binary forms, or in other words by SL2(Ok)-invariants. Let I0, . . . , In be the
generators of the ring of invariants Rd of degree d binary forms such that the
homogenous degree of Ii is qi for each i = 0, . . . , n. We denote by I := (I0, . . . , In)
the tuple of invariants and by I(f) = (I0(f), . . . , In(f)) such invariants evaluated
at a degree d binary form f . Then for a binary form f ∈ k[x, y] the corresponding
set of invariants I(f) is a point in the weighted projective space WPn
w
(k) with
weights w = (q0, . . . , qn); see [9] or [1] for details.
Let X have integral projective equation zmyd−m = f(x, y), where f(x, y) ∈
Ok[x, y] is a degree d ≥ 5 binary form. Then the weighted moduli point corre-
sponding to X is p = [I(f)]. We denote the weighted greatest common divisor
of the weighted moduli point I(f) by wgcd(I(f)), and by wgcd(I(f)) its absolute
weighted greatest common divisor.
X is said to have a minimal model over Ok when the weighted valuation of
the tuple I(f) for each prime p ∈ Ok,
valp(I(f)) := max {νp(Ii(f)) for all i = 0, . . . , n}
is minimal, where νp(Ii(f)) is the valuation at p of Ii(f). The weighted moduli
point p = [I(f)] is called normalized when wgcd(I(f)) is 1. A given curve X
which has normalized moduli point (cf. Eq. (10)) is already in the minimal model.
Our main result is Thm. 1, which says that the minimal models of superelliptic
curves exist. Moreover, an equation
X : zmyd−m = f(x, y)
is a minimal model over Ok, if for every prime p ∈ Ok which divides p | wgcd (I(f)),
the valuation valp of I(f) at p satisfies
(1) valp(I(f)) < d
2
qi,
for all i = 0, . . . , n. Moreover, then for λ = wgcd(I(f)) with respect the weights(⌊
dq0
2
⌋
, . . . ,
⌊
dqn
2
⌋)
the transformation
(x, y, z)→
(x
λ
, y, λ
d
m z
)
gives the minimal model of X over Ok. If m|d then this isomorphism is defined
over k.
Such minimal integral models can be found not only to k-isomorphisms, but
also over its algebraic closure. We call them minimal twists. In Thm. 2 we prove
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that minimal twists of superelliptic curves exist. An Weierstrass equation X :
zmyd−m = f(x, y) is a minimal twist over Ok, if for every prime p ∈ Ok which
divides p |wgcd (I(f)), the valuation valp of I(f) at p satisfies
(2) valp(I(f)) < d
2
qi,
for all i = 0, . . . , n.
The result in Thm. 1 makes it possible to create a database of superelliptic
curves defined over Ok, by storing only the curves with minimal weighted moduli
point. The result in Thm. 2 does this also for all their twists as well.
The minimal integral models that we determine in this paper give the ”nicest”
equation of the paper over a global field, since the corresponding invariants are
non-zero for as many primes p ∈ Ok as possible. It is a topic of interest to explore
the stability of such curves. The stability of binary forms is intended in [3].
2. Superelliptic subloci in the moduli space of curves
A a genus g ≥ 2 smooth, irreducible, algebraic curve X defined over an alge-
braically closed field k is called a superelliptic curve of level n if there exist an
element τ ∈ Aut (X ) of order n such that τ is central and the quotient X/ 〈τ〉 has
genus zero; see [8] for details. Superelliptic curves have affine equation
(3) X : yn = f(x) =
d∏
i=1
(x − αi)
Denote by σ : X → X the superelliptic automorphism, i.e.
σ(x, y)→ (x, ξny),
where ξn is a primitive n-th root of unity. Notice that σ fixes 0 and the point at
infinity in P1y. The natural projection
π : X → P1x = X/ 〈σ〉
is called the superelliptic projection. It has deg π = n and π(x, y) = x. This
cover is branched at exactly at the roots α1, . . . , αd of f(x). Then the affine equation
of X is
X : zm =
d∏
i=1
(x− αi).
Denote the projective equation of X by
(4) zmyd−m = f(x, y) = adx
d + ad−1x
d−1y + · · ·+ a1xyd−1 + a0yd
defined over a field k. Hence, f(x, y) is a binary form of degree deg f = d. Obviously
the set of roots of f(x, y) does not determine uniquely the isomorphism class of
X since every coordinate change in x would change the set of these roots. The
isomorphism classes of X is determined by the isomorphism class of the binary
form f(x, y), which is determined by by the invariants of binary forms, since they
are invariants under any coordinate change.
Let k[x, y] be the polynomial ring in two variables and Vd denote the (d + 1)-
dimensional subspace of k[x, y] consisting of homogeneous polynomials f(x, y) of
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degree d. Elements in Vd are called binary forms of degree d. GL2(k) acts as a
group of automorphisms on k[x, y] as follows:
(5) M =
(
a b
c d
)
∈ GL2(k), then M
(
x
y
)
=
(
ax+ by
cx+ dy
)
Denote by fM the binary form fM (x, y) := f(ax + by, cx + dy). It is well known
that SL2(k) leaves a bilinear form (unique up to scalar multiples) on Vd invariant.
Consider a0, a1, ... , ad as parameters (coordinate functions on Vd). Then the
coordinate ring of Vd can be identified with k[a0, ..., ad]. For I ∈ k[a0, ..., ad] and
M ∈ GL2(k), define IM ∈ k[a0, . . . , ad] as follows
(6) IM (f) := I(fM )
for all f ∈ Vd. Then IMN = (IM )N and Eq. (6) defines an action of GL2(k) on
k[a0, . . . , ad]. A homogeneous polynomial I ∈ k[a0, . . . , ad, x, y] is called a covari-
ant of index s if IM (f) = δsI(f), where δ = det(M). The homogeneous degree in
a0, . . . , ad is called the degree of I, and the homogeneous degree in X,Z is called
the order of I. A covariant of order zero is called invariant. An invariant is a
SL2(k)-invariant on Vd.
From Hilbert’s theorem the ring of invariants of binary forms is finitely gen-
erated. We denote by Rd the ring of invariants of the binary forms of degree d.
Then, Rd is a finitely generated graded ring
2.1. Changing of coordinates. Let us see what happens to the invariants
when we change the coordinates, in other words when we act on the binary form
g(x, y) via M ∈ GL2(k). Let I0, . . . , In be the generators of Rd with degrees
q0, . . . , qn respectively. We denote the tuple of invariants by I := (I0, . . . , In). The
following result is fundamental to our approach. For any two binary formal f and
g, f = gM , M ∈ GL2(k), if and only if
(7) (I0(f), . . . Ii(f), . . . , In(f)) = (λ
q0 I0(g), . . . , λ
qi Ii(g), . . . , λ
qn In(g)) ,
where λ = (detM)
d
2 .
2.2. Proj Rd as a weighted projective space. Since all I0, . . . , Ii, . . . , In
are homogenous polynomials then Rd is a graded ring and Proj Rd as a weighted
projective space. Let w := (q0, . . . , qn) ∈ Zn+1 be a fixed tuple of positive integers
called weights. Consider the action of k⋆ = k \ {0} on An+1(k) as follows
λ ⋆ (x0, . . . , xn) = (λ
q0x0, . . . , λ
qnxn)
for λ ∈ k∗. The quotient of this action is called a weighted projective space
and denoted by WPn(q0,...,qn)(k). It is the projective variety Proj (k[x0, ..., xn]) as-
sociated to the graded ring k[x0, . . . , xn] where the variable xi has degree qi for
i = 0, . . . , n. We will denote a point p ∈ WPnw(k) by p = [x0 : x1 : · · · : xn]. For
proofs of the following two results see [8].
Proposition 1. Let I0, I1, . . . , In be the generators of the ring of invariants Rd
of degree d binary forms. A k-isomorphism class of a binary form f is determined
by the point
I(f) := [I0(f), I1(f), . . . , In(f)] ∈WPnw(k).
Moreover f = gM for some M ∈ GL2(K) if and only if I(f) = λ ⋆ I(g), for
λ = (detA)
d
2 .
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Since the isomorphism class of any superelliptic curve X : zmyd−m = f(x, y)
is determined by the equivalence class of binary form f(x, y) we denote the set of
invariants of X by I(X ) := I(f). Therefore, we have:
Corollary 1. Let X be a superelliptic curve with equation as in Eq. (4). The
k¯-isomorphism class of X is determined by the weighted moduli point p := [I(f)] ∈
WP
n
w
(k).
Hence we have the following problems.
Problem 1. Given a curve X : zmyd−m = d(x, y) defined over Ok, determine
X ′, k-isomorphic to X , such that defined over Ok, say X ′ : zmyd−m = g(x, y), such
that p := [I(g)] ∈WPn
w
(k) has minimal height over k. .
Problem 2. Determine a twist Y of X such that p := [I(Y)] ∈ WPn
w
(k) has
minimal height over the algebraic closure k¯.
The above problems are equivalent of finding a model for the superelliptic curve
such that the corresponding weighted moduli point has minimal possible weighted
height. In the next section we will explain in more detail what this means.
The two problems above are solved in the case of elliptic curves [12] and [4] and
at least for one special invariant of hyperelliptic curves, namely the discriminant.
We describe briefly below.
2.3. Discriminant as an invariant of a curve. A very important invariant
is the discriminant of the binary form. In the classical way, the discriminant is
defined as ∆ =
∏
i6=j(αi − αj)2, where α1, . . . αd are the roots of f(x, 1). It is a
well-known result that it can be expressed in terms of the transvectians.
Lemma 1. ∆(f) is an SL2(k)-invariant of degree (2d− 2). Moreover, for any
M ∈ GL2(k), ∆(fM ) = (detM)d(d−1)∆(f).
The concept of a minimal discriminant for elliptic curves was defined by Tate
and others in the 1970-s; see [12] and generalized by Lockhart in [7] for hyperelliptic
curves.
2.3.1. Minimal discriminants over local fields. Let K be a local field, complete
with respect to a valuation v. Let OK be the ring of integers of K, in other words
OK = {x ∈ K | v(x) ≥ 0}. We denote by O∗K the group of units of OK and by m
the maximal ideal of OK . Let π be a generator for m and k = OK/m the residue
field. We assume that k is perfect and denote its algebraic closure by k¯.
Let X be a superelliptic curve defined over K and P a K-rational point on X .
By a suitable change of coordinates we can assume that all coefficients of Xg are in
OK . Then, the discriminant ∆ ∈ OK . In this case we say that the equation of Xg
is integral.
An equation for X is said to be a minimal equation if it is integral and v(∆)
is minimal among all integral equations of Xg. The ideal I = mv(∆) is called the
minimal discriminant of Xg.
2.3.2. Minimal discriminants over global fields. Let us assume now that k is an
algebraic number field with field of integersOk. LetMk be the set of all inequivalent
absolute values on k and M0k the set of all non-archimedean absolute values in Mk.
We denote by kv the completion of k for each v ∈M0k and by Ov the valuation ring
in kv. Let pv be the prime ideal in Ok and mv the corresponding maximal ideal in
kv. Let (X , P ) be a superelliptic curve of genus g ≥ 2 over k.
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If v ∈ M0k we say that X is integral at v if X is integral when viewed as a
curve over kv. We say that X is minimal at v when it is minimal over kv. An
equation of X over k is called integral (resp. minimal) over k if it is integral
(resp. minimal) over kv, for each v ∈M0k .
We define the minimal discriminant over k to be the product of all the local
minimal discriminants. For each v ∈M0k we denote by ∆v the minimal discriminant
for (X , P ) over Kv. The minimal discriminant of (X , P ) over K is the ideal
∆X/k =
∏
v∈M0
k
m
v(∆v)
v
2.3.3. Elliptic curves; Tate’s algorithm. Let E be an elliptic curve defined over
K. Find a Weierstrass equation for E such that the discriminant ∆E is minimal.
This problem was solved by J. Tate for elliptic curves; see [12]. Below we describe
briefly Tate’s algorithm.
For simplicity we assume that E is defined over Z, the algorithm works exactly
the same for any ring of integers OK of any algebraic number field K. Let E be
given as
(8) y2 = f(x, 1) = adx
d + · · · a1x+ a0
We would like to find an equation
(9) y2 + a′1xy + a
′
3y = x
3 + a′2x
2 + a′4x+ a
′
6.
such that the discriminant ∆′ of the curve in Eq. (9) is minimal. Since we want
the new equation to have integer coefficients then the only transformations we can
have are
x = u2x′ + r, y = u3y′ + u2sx′ + t
for u, r, s, t ∈ Z and u 6= 0. The coefficients of the two equations are related as
follows:
ua′1 = a1 + 2s,
u2a′2 = a2 − sa1 + 3r − s2,
u3a′3 = a3 + ra1 + 2t
u4a′4 = a4 − sa3 + 2ra2 − (t+ rs)a1 + 3r2 − 2st
u6a′6 = a6 + ra4 + r
2a2 + r
3 − ta3 − rta1 − t2
u12∆′ = ∆
Hence, if we choose u ∈ Z such that u12 divides ∆, then ∆′ becomes smaller.
Indeed, we would like to choose the largest such u. In the process we have to
make sure that for the u’s that we pick we do get an equation of an elliptic curve
isomorphic to E.
Hence, we factor ∆ as a product of primes, say ∆ = pα11 · · · pαrr , and take u
to be the product of those powers of primes with exponents αi ≥ 12. For primes
p = 2, 3 we have to be more careful since in our exposition above we have assumed
that the characteristic of the field is 6= 2, 3. The version of the algorithm below is
due to M. Laska; see [4].
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Step 1: Compute the following
c4 = (a
2
1 + 4a2)
2 − 24(a1a3 + 2a4),
c6 = −(a21 + 4a2)3 + 36(a21 + 4a2)(a1a3 + 2a4)− 216(a23 + 4a6)
Step 2: Determine the set S of integers u ∈ Z such that there exist xu, yu ∈ Z
such that
u4 = xuc4, u
6yu = c6.
S is a finite set.
Step 3: Choose the largest u ∈ S, say u0 and factor it as u0 = 2e2 3e3 v, where v
is relatively prime to 6.
Step 4: Choose
a′1, a
′
3 ∈
{
n∑
i=1
αiwi |αi = 0 or 1
}
and a′2 ∈
{
n∑
i=1
αiwi |αi = −1, 0 or 1
}
subject to the following conditions:
(a′1)
4 ≡ xu mod 8, (a′2)3 ≡ −(a′1)6 − yu mod 3.
Step 5: Solve the following equations for a′4 and a
′
6
xu = (a
′
1
2
+ 4a′2)
2 − 24(a′1a′3 + 2a′4),
yu = −(a′12 + 4a′2)3 + 36(a′12 + 4a′2)(a′1a′3 + 2a′4)− 216(a′32 + 4a′6)
Step 6: Solve the equations for s, r, t successively
ua′1 = a1 + 2s, u
2a′2 = a2 − sa1 + 3r − s2, u3a′3 = a3 + ra1 + 2t
For these values of a′1, . . . , a
′
6 the Eq. (9) is the desired result.
2.3.4. Superelliptic curves with minimal discriminant. Let Xg be a genus g ≥ 2
superelliptic curve with equation as in (4). The discriminant of Xg is the discrimi-
nant of the binary form f(x, z), hence an invariant of homogenous degree δ = 2d−2
and ∆f ∈ OK .
Let M ∈ GL2(K) such that detM = λ. Then from remarks in section 2 we
have that ∆(fM ) = λd(d−1)∆(f). We perform the coordinate change x → 1un x
on f(x). Then the new discriminant is ∆′ = 1
un·d(d−1)
· ∆. Hence, we have the
following.
Lemma 2. A superelliptic curve Xg with integral equation
yn = adx
d + · · · a1x+ a0
is in minimal form if v(∆) < nd(d− 1).
Hence, if we choose u ∈ Z such that und(d−1) divides ∆, then ∆′ becomes
smaller. Indeed, we would like to choose the largest such u. In the process we have
to make sure that for the u’s that we pick we do get an equation of a superelliptic
curve isomorphic to Xg.
Hence, we factor ∆ as a product of primes, say ∆ = pα11 · · · pαrr , and take u
to be the product of those powers of primes with exponents αi ≥ nd(d − 1). For
primes p = 2, 3 we have to be more careful since in our exposition above we have
assumed that the characteristic of the field is 6= 2, 3.
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A full discussion of the hyperelliptic curves with minimal discriminant is done
by Liu in [6].
3. Points of minimal weighted height in WPn
w
(k)
Let x = (x0, . . . xn) ∈ Zn+1 be a tuple of integers, not all equal to zero. Let
q0, . . . , qn be positive integers. A set of weights is called the ordered tuple
w = (q0, . . . , qn). A weighted integer tuple is a tuple x = (x0, . . . , xn) ∈ Zn+1 such
that to each coordinate xi is assigned the weight qi. We multiply weighted tuples
by scalars λ ∈ Q via
λ ⋆ (x0, . . . , xn) = (λ
q0x0, . . . , λ
qnxn)
For an ordered tuple of integers x = (x0, . . . , xn) ∈ Zn+1, whose coordinates are
not all zero, the weighted greatest common divisor with respect to the set
of weights w is the largest integer d such that
dqi | xi, for all i = 0, . . . , n,
see [9] and [1] for details.
The natural generalization of the weighted greatest common divisor of a tuple
x in an integer ring Ok and the following result appears in [1].
Lemma 3. For a weighted tuple x = (x0, . . . , xn) ∈ On+1k the weighted greatest
common divisor is given by
wgcd(x) =
∏
p∈Ok
p
min
{⌊
νp(x0)
q0
⌋
,...,
⌊
νp(xn)
qn
⌋}
where νp is the valuation corresponding to the prime p.
We will call a point p ∈WPn
w
(k) a normalized point if the weighted greatest
common divisor of its coordinates is 1. For any point p ∈WPnw(k), there exists its
normalization given by
(10) q =
1
wgcd(p)
⋆ p.
Moreover, this normalization is unique up to a multiplication by a q-root of unity,
where q = gcd(q0, . . . , qn), see [1] for a proof of this.
The absolute weighted greatest common divisor of an integer tuple x =
(x0, . . . , xn) with respect to the set of weights w = (q0, . . . , qn) is the largest real
number d such that
dqi ∈ Z and dqi | xi, for all i = 0, . . . n.
Wewill denote by the absolute weighted greatest common divisor by wgcd(x0, . . . , xn).
Definition 1. Let w = (q0, . . . , qn) be a set of weights and WP
n(k) the
weighted projective space over a number field k. Let p ∈ WPn(k) a point such
that p = [x0, . . . , xn]. We define the weighted multiplicative height of P as
(11) hk(p) :=
∏
v∈Mk
max
{
|x0|
nv
q0
v , . . . , |xn|
nv
qn
v
}
The logarithmic height of the point p is defined as follows
(12) h′k(p) := log hk(p) =
∑
v∈Mk
max
0≤j≤n
{
nv
qj
· log |xj |v
}
.
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The height hk(p) is well defined, in other words it does not depend on the choice
of coordinates of p and hk(p) ≥ 1. The following is also true; see [1].
Proposition 2. Let w, K = Q(wgcd(p)), and p ∈WPn(K), say p = [x0 : x1 :
. . . : xn]. Then the following are true:
i) If p is normalized in K, then
(13) hK(p) = h∞(p) = max
0≤i≤n
{
|xi|nν/qi∞
}
.
ii) If L/K is a finite extension, then
(14) hL(p) = hK(p)
[L:K].
Using Prop. 2, part ii), we can define the height on WPn(Q). The height of a
point on WPn(Q) is called the absolute (multiplicative) weighted height and
is the function
h˜ : WPn(Q¯)→ [1,∞)
h˜(p) = hK(p)
1/[K:Q],
where p ∈ WPn(K), for any K which contains Q(wgcd(p)). The absolute (loga-
rithmic) weighted height on WPn(Q) is the function
h˜
′
: WPn(Q¯)→ [0,∞)
h˜
′
(p) = log h(p) =
1
[K : Q]
h˜K(p).
Definition 2. A superelliptic curve X , defined over an a number field k, has
integral minimal Weierstrass equation
zmyd−m = f(x, y)
if its corresponding weighted moduli point p = I(f) ∈ WPn
w
(Ok) has minimal
valuation valp(p) for each prime p ∈ Ok.
Corollary 2. If p ∈ WPn
w
(k) has minimal height h(p), then it has minimal
valuation valp(p) for each prime p ∈ Ok.
For a given superelliptic curve X , defined over Ok, a minimal twist is a curve
X ′, defined over Ok, which is isomorphic over k¯ to X , and has integral minimal
model.
3.1. Minimal integral models of binary forms. We say that a binary form
f(x, y) has a integral minimal model over k if it is integral (i.e. f ∈ Ok[x, y])
and valp(I(f)) is minimal for every prime p ∈ Ok.
Let f ∈ Ok and x := I(f) ∈ WPnw(Ok) its corresponding weighted moduli
point. We define the weighted valuation of the tuple x = (x0, . . . xn) at the
prime p ∈ Ok as
valp(x) := max
{
j | pj divides xqii for all i = 0, . . . n
}
,
Then we have the following.
Proposition 3. A binary form f ∈ Vd is a minimal model over Ok if for every
prime p ∈ Ok such that p | wgcd(I(f)) the following holds
valp(I(f)) < d
2
qi
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for all i = 0, . . . , n. Moreover, for every integral binary form f its minimal model
exist.
Proof. Let x = I(f). From Eq. (7) we know that for any M ∈ SL2(Ok),
I(fM ) = (detM) d2 I(f). Hence, for every prime p ∈ Ok which divides wgcd(x) we
must ”multiply” x by the maximum exponent j such that
(
p
d
2
)j
divides wgcd(x).
For a given binary form f we pick M =
[
1
λ 0
0 1
]
, where λ is the weighted
greatest common divisor of I(f) with respect the weights:(⌊
dq0
2
⌋
, . . . ,
⌊
dqn
2
⌋)
The transformation x→ xλ gives the minimal model of f over Ok. This completes
the proof.

Remark 1. If a prime p ∈ Ok divides wgcd(x) then pqi divides xi, so pq2i
divides xqii . Taking qt = min(q0, . . . , qn), we have a lower bound for the weighted
valuation of the point I(f) = (x0, . . . , xn), that is valp(I(f)) ≥ q2t .
Notice that it is possible to find a twist of f with ”smaller” invariants. In this
case the new binary form is not in the same SL2(Ok)-orbit as f . For example, the
transformation
(15) (x, y)→
(
1
λ
2
d
x,
1
λ
2
d
y,
)
.
will give us the form with smallest invariants, but not necessarily k-isomorphic to
f .
It is worth noting that for a binary form f given in its minimal model, the
point I(f) is not necessarily normalized as in the sense of [1].
Corollary 3. If f(x, y) ∈ Ok[x, y] is a binary form such that I(f) ∈WPnw(k)
is normalized over k, then f is a minimal model over Ok.
Remark 2. There is a question of when minimality of the binary form implies
stability. A detailed discussion of it is intended in [3].
Next we see an example for binary sextics.
Example 1. Let be given the sextic
f(x, y) = 7776x6+31104x5y+40176x4y2+25056x3y3+8382x2y4+1470xy5+107y6
Notice that the polynomial has content 1, so there is no obvious substitution here
to simplify sextic. The moduli point is p = [J2 : J4 : J6 : J10], where
J2 = 2
15 · 35,
J4 = −212 · 39 · 101 · 233,
J6 = 2
16 · 313 · 29 · 37 · 8837,
J10 = 2
26 · 321 · 11 · 23 · 547 · 1445831
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Recall that the transformation (x, y) →
(
1
px, y
)
will change the representation of
the point p via
1
p3
⋆ [J2 : J4 : J6 : J10] =
[
1
p6
J2 :
1
p12
J4 :
1
p18
J6 :
1
p30
J10
]
So we are looking for prime factors p such that p6|J2, p12|J4, p18|J6, and p30|J10.
Such candidates for p have to be divisors of wgcd(p) = 22 · 32.
Obviously neither p = 2 or p = 3 will work. Thus, f(x, y) is in its minimal
model over Ok.

Corollary 4. The transformation of f(x, y) by the matrix
M =

εd 1(wgcd(I(f))) 2d 0
0 εd
1
(wgcd(I(f)))
2
d


where εd is a d-primitive root of unity, will always give a minimal set of invariants.
4. Minimal Weierstrass equations for curves with normalized moduli
point
Now we will consider the minimal models of curves over Ok. Let X be as in
Eq. (4) and p = [I(f)] ∈WPn
w
(k). Let us assume that for a prime p ∈ Ok, we have
νp (wgcd(p)) = α. If we use the transformation
x→ x
pβ
x, for β ≤ α,
then from Eq. (7) the set of invariants will become
1
p
d
2 β
⋆ I(f)
To ensure that the moduli point p is still with integer coefficients we must pick
β such that p
βd
2 divides pνp(xi) for i = 0, . . . , n. Hence, we must pick β as the
maximum integer such that β ≤ 2dνp(xi), for all i = 0, . . . , n. This is the same β as
in Prop. 3. The transformation
(x, y)→
(
x
pβ
, y
)
,
has corresponding matrix M =
[ 1
pβ
0
0 1
]
with detM = 1
pβ
. Hence, from Eq. (7) the
moduli point p changes as p →
(
1
pβ
)d/2
⋆ p, which is still an integer tuple. We do
this for all primes p dividing wgcd(p). Notice that the new point is not necessarily
normalized in WPn
w
(k) since β is not necessarily equal to α. This motivates the
following definition.
Definition 3. Let X be a superelliptic curve defined over an integer ring Ok
and p ∈WPn
w
(Ok) its corresponding weighted moduli point. We say that X has a
minimal model over Ok if for every prime p ∈ Ok the valuation of the tuple
at p
valp(p) := max {νp(xi) for all i = 0, . . . n} ,
is minimal, where νp(xi) is the valuation of xi at the prime p.
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Theorem 1. Minimal models of superelliptic curves exist. An equation X :
zmyd−m = f(x, y) is a minimal model over Ok, if for every prime p ∈ Ok which
divides p | wgcd (I(f)), the valuation valp of I(f) at p satisfies
(16) valp(I(f)) < d
2
qi,
for all i = 0, . . . , n. Moreover, then for λ = wgcd(I(f)) with respect the weights
(
⌊
dq0
2
⌋
, . . . ,
⌊
dqn
2
⌋
)the transformation
(x, y, z)→
(x
λ
, y, λ
d
m z
)
gives the minimal model of X over Ok. If m|d then this isomorphism is defined
over k.
Proof. Let X be a superelliptic curve given by Eq. (4) overOk and p = I(f) ∈
WP
n
w
(Ok) with weights w = (q0, . . . , qn). Then p ∈ WPnw(Ok) and from Prop. 3
exists M ∈ SL2(Ok) such that M =
[
1
λ 0
0 1
]
and λ as in the theorem’s hypothesis.
By Prop. 3 we have that Eq. (19) holds.
Let us see how the equation of the curve X changes when we apply the trans-
formation by M . We have
zmyd−m = f
(x
λ
, y
)
= ad
xd
λd
+ ad−1
xd−1
λd−1
y + · · ·+ a1x
λ
yd−1 + a0y
d
Hence,
(17) X ′ : λdzmyd−m = adxd + λad−1xd−1y + · · ·+ λd−1a1xyd−1 + λda0yd
This equation has coefficients in Ok. Its weighted moduli point is
I(fM ) = 1
λ
d
2
⋆ I(f),
which satisfies Eq. (19). It is a twist of the curve X since λd is not necessary a
m-th power in Ok. The isomorphism of the curves over the field k
(
λ
d
m
)
is given
by
(x, y, z)→
(x
λ
, y, λ
d
m z
)
If m|d then this isomorphism is defined over k and X ′ has equation
X ′ : zmyd−m = adxd + λad−1xd−1y + · · ·+ λd−1a1xyd−1 + λda0yd

Let us see an example from curves of genus 2.
Example 2. Let X be a genus 2 curve with equation z2y4 = f(x, y) as in
Example 1. By applying the transformation
(x, y, z)→
(x
6
, y, 63 · z
)
we get the equation
(18) z2 = x6 + 24x5 + 186x4 + 696x3 + 1397x2 + 1470x+ 642.
Computing the moduli point of this curve we get
p = [211 · 3 : −24 · 3 · 101 · 233 : 24 · 3 · 29 · 37 · 8837 : 26 · 3 · 11 · 23 · 547 · 1445831],
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which is obviously normalized in WP3
w
(Q) since wgcd(p) = 1. Hence, the Eq. (18)
is a minimal model. 
Corollary 5. There exists a curve X ′ given in Eq. (20) isomorphic to X over
the field K := k
(
wgcd(p)
d
m
)
with minimal SL2(Ok)-invariants. Moreover, if m|d
then X and X ′ are k-isomorphic.
A simple observation from the above is that in the case of hyperelliptic curves
we have m = 2 and d = 2g + 2. Hence, the curves X and X ′ would always be
isomorphic over k. So we have the following.
Corollary 6. Given a hyperelliptic curve defined over a ring of integers Ok.
There exists a curve X ′ k-isomorphic to X with minimal SL2(Ok)-invariants.
Thm. 1 above provides an algorithm which is described next. Given a superel-
liptic curve X defined over Ok, we denote the corresponding point in the weighted
moduli space by p = [x0 : · · · : xn].
Algorithm 1. Computing an equation of the curve with minimal moduli
point.
Input: A curve X with equation zmyd−m = f(x, y), deg(f) = d and f ∈ Ok[x, y].
Output: An equation for X ,
λdzm = g(x, y)
defined over Ok, such that the weighted valuation valpI(g) is minimal for each
prime p ∈ Ok.
Step 1: Compute the generating set for the ring of invariants Rn, say I :=
[Iq0 , . . . , Iqn ] of homogenous degrees q0, . . . , qn respectively.
Step 2: Compute the weighted moduli point for X by evaluating I(f).
Step 3: Computing λ the weighted greatest common divisor wgcd(I(f)) ∈ Ok
with respect the weights (
⌊
dq0
2
⌋
, . . . ,
⌊
dqn
2
⌋
)
Step 4: Compute fM , where M :=
[
1
λ 0
0 1
]
. We have:
g(x) := λd · f
(x
λ
)
Step 5: Return the curve X ′ with equation
λdzmyd−m = g(x, y).
5. Determining minimal integral twists
Let k be a field of characteristic zero and Gal(k¯/k) the Galois group of k¯/k. Let
X a genus g ≥ 2 smooth, projective algebraic curve defined over k. We denote by
Aut (X ) the automorphism group of X over the algebraic closure k¯. By Aut k(X )
is denoted the subgroup of automorphisms of X defined over k.
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A twist of X over k is a smooth projective curve X ′ defined over k which is
isomorphic to X over k¯. We will identify two twists which are isomorphic over k.
The set of all twists of X , modulo k-isomorphism, is denoted by Twist (X/k).
Let X and X ′ be twists of each other over k. Hence, there is an isomorphism
φ : X ′ → X
defined over k¯. For any σ ∈ Gal(k¯/k) there exists the induced map φσ : X ′ → X .
To measure the failure of φ being defined over k one considers the map
ξ : Gal(k¯/k)→ Aut (X )
such that ξ(σ) = φσφ−1 for any σ ∈ Gal(k¯/k).
The following is the main result on twists; see [11, Th. 2.2. pg. 285]
Proposition 4. The following are true:
i) ξ is a 1-cocycle
ii) The cohomology class {ξ} is determined by the k-isomorphism class of X ′
and is independent of φ. Hence, there is a natural map
θ : Twist (X/k)→ Hom1 (Gal(k¯/k),Aut (X ))
iii) The map θ is a bijection.
As noted by Silverman in [11, Remark 2.3, pg. 285], Hom1
(
Gal(k¯/k),Aut (X ))
is not necessarily a group since Aut (X ) is not necessarily Abelian. For nonabelian
Galois cohomology we refer to [10].
Fix an integer n ≥ 2. Let k be a number field which contains all primitive n-th
roots of unity ξn and Ok its ring of integers. Consider a smooth superelliptic curve
X defined over Ok with equation
yn = f(x)
where f is a separable polynomial in k. The multiplicative group of n-th roots of
unity will be denoted by µn. Then, µn is embedded in Aut (X ) in the obvious
way. Hence, Aut (X ) is an extension of the group µn. The list of isomorphism
classes of such groups is determined; see for example [2]. Thus, determining the
set Twist (X/k) is equivalent to determining Hom1 (Gal(k¯/k),Aut (X )) for each
possible group Aut (X ).
Lemma 4. Let X be a smooth superelliptic curve defined over k with affine
equation
yn = f(x), ∆f 6= 0.
Any twist X ′ of X has equation
λyn = f(x),
for some λ ∈ k such that λ1/n ∈ k. Moreover, the isomorphism
φ : X −→ X ′
(x, y) −→ (x, n
√
λ y)
Proof. Two curves X and X ′, with equations
yn = f(x) for vn = g(u),
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where deg f = deg g = s, are isomorphic over k¯, if and only if
x =
au+ b
cu+ d
, y =
λ v
(cu+ d)s/n
, where
[
a b
c d
]
∈ GL2(k), λ ∈ k∗
Let f(x) be given by
f(x) = a0 + a1x+ · · ·+ as−1xs−1 + asxs,
then
f
(
au+ b
cu+ d
)
= a0 + a1
(
au+ b
cu + d
)
+ · · ·+ as−1
(
au+ b
cu+ d
)s−1
+ as
(
au+ b
cu+ d
)s
,
=
1
(cu+ d)s
g(u),
where g(u) is of degree s in u. hence, the equation of the curve becomes
(cu+ d)s yn = g(u)
Replacing y as above we get
λn vn = g(u)

Theorem 2. Minimal twists of minimal models of superelliptic curves exist.
An equation X : zmyd−m = f(x, y) is a minimal twist over Ok, if for every prime
p ∈ Ok which divides p |wgcd (I(f)), the valuation valp of I(f) at p satisfies
(19) valp(I(f)) < d
2
qi,
for all i = 0, . . . , n. Moreover, then for λ = wgcd(I(f)) with respect the weights
(
⌊
dq0
2
⌋
, . . . ,
⌊
dqn
2
⌋
)the transformation
(x, y, z)→
(x
λ
, y, λ
d
m z
)
gives the minimal model of X over Ok. If m|d then this isomorphism is defined
over k.
Proof. Let X be a superelliptic curve given by Eq. (4) overOk and p = I(f) ∈
WP
n
w
(Ok) with weights w = (q0, . . . , qn). Then p ∈ WPnw(Ok) and from Prop. 3
exists M ∈ SL2(Ok) such that M =
[
1
λ 0
0 1
]
and λ as in the theorem’s hypothesis.
By Prop. 3 we have that Eq. (19) holds.
Let us see how the equation of the curve X changes when we apply the trans-
formation by M . We have
zmyd−m = f
(x
λ
, y
)
= ad
xd
λd
+ ad−1
xd−1
λd−1
y + · · ·+ a1x
λ
yd−1 + a0y
d
Hence,
(20) X ′ : λdzmyd−m = adxd + λad−1xd−1y + · · ·+ λd−1a1xyd−1 + λda0yd
This equation has coefficients in Ok. Its weighted moduli point is
I(fM ) = 1
λ
d
2
⋆ I(f),
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which satisfies Eq. (19). It is a twist of the curve X since λd is not necessary a
m-th power in Ok. The isomorphism of the curves over the field k
(
λ
d
m
)
is given
by
(x, y, z)→
(x
λ
, y, λ
d
m z
)
If m|d then this isomorphism is defined over k and X ′ has equation
X ′ : zmyd−m = adxd + λad−1xd−1y + · · ·+ λd−1a1xyd−1 + λda0yd
This completes the proof. 
6. Concluding remarks
The methods of this paper are new and give a new approach for bookkeeping
of point in the moduli space of curves, provided that we have explicit descriptions
of the invariants. For example, for genus g = 2, since we know explicitly the Igusa
arithmetic invariants J2, J4, J6, J10 we can explicitly list all points in WP
3
2(k) of a
given weighted moduli height, including their twists. This makes it possible to study
the arithmetic of the moduli spaceM2 and its rational points. A similar approach
can be used for any moduli space of curves when the corresponding invariants are
explicitly known.
The minimal integral models determine by Thm. 1 and Thm. 2 provide stable
models for the corresponding curves. Stability and minimality of the points in the
weighted moduli space are intended to be discussed in detail in [3]. It is not known
to us at this point how methods describe at this paper related to more classical
results from geometric invariant theory.
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